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A rheonomous mechanical system is considered. The kinetic energy of this system is represented in the form of a complete
quadratic polynomial with coefficients which depend explicitly on time. It is assumed that the coefficients of this polynomial are
unknown and that uncontrolled limited perturbation act on the system. A control law is proposed which enables the system to
be brought to a specified final state after a finite time using a force of finite modulus. Piecewise-linear feedbacks are used in the
proposed algorithm and the amplification factors of these feedbacks are increased as the system approaches the final state. The
algorithm is validated using the second Lyapunov method. The results of numerical modelling are presented. © 2002 Elsevier
Science Ltd. All rights reserved.

In the majority of publications concerned with constructing a control for mechanical systems with
unknown parameters, either algorithms are proposed which solely ensure the asymptotic stability of
the motion of the system, that is, which bring the system to a specified state after a finite time {1, 2],
or no constraints whatsoever are imposed on the controls. In practice, as a rule, there are such constraints.

In the case of scleronomous mechanical systems, an approach based on decomposition has been
proposed in [3, 4] which enables one, using a finite force, to bring a system, subjected to uncontrolied
perturbations and with known inertia matrix, to a specified state after a finite time. Other approaches,
which propose the use of programmed trajectories [5, 6] and linear feedbacks with piecewise-constant
coefficients [7, 8], have been developed for controlling a Lagrangian system with an unknown kinetic
energy matrix.

1. FORMULATION OF THE PROBLEM

A rheonomous mechanical system is considered, the kinetic energy of which is represented in the form
of a complete quadratic polynomial with coefficients that depend explicitly on time

1 . .
T(t,.q.9)= E(A(t,q)q,q) +(a(t.q).q) +ay(t.q) (1.1)

Here, g € R" is the vector of the generalized coordinates of the system, g is the generalized velocity
vector, and ( -) denotes a scalar product. It is assumed that the positive-definite symmetric matrix
A(t, q) e C"is unknown, that its eigenvalues for any ¢ and g belong to the interval [m, M] O<ms=sM
and that the partial derivatives are uniformly bounded with respect to the norm, that is,

2< (A Q)z.2) < Mz2, VzeR"
(A(t,q)z,2) 1.2)
ExY
a‘li h

" oA
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'<D2, i=l,..., n, D,D,>0

The vector function a(t, q) € C' and the function aq(t, g) € C' are also assumed to be unknown and

to satisfy the conditions
T
ga) _da < D,,
dg) dq
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Above and henceforth, || is the Euclidean norm of a vector and ||-|| is the norm of a matrix, which
is understood as the norm of the corresponding operator in Euclidean space.

The dynamics of the system being considered are described by Lagrange’s equations of the second
kind

ALy (1.4)

It is assumed that the system is directly controlled with respect to each degree of freedom, the constraint
W< U, U>0 (1.5)

is imposed on the n-dimensional control forces vector, and the generalized forces S are unknown and
satisfy the condition

ISI<So, So>0 (16)

Other known forces can act on the system together with the unknown forces § and the control forces
u. We shall assume that the control resources are sufficiently large to compensate these forces and that
the quantity U is the maximum possible strength of the control which remains after such
compensation.

Problem. Suppose the constants m, M, U and D; (j = 1, ..., 4) are given. It is required to construct
a control which satisfies constraint (1.5) and 1ndlcates the domam of permissible initial states from
which system (1.4), under the action of this control, reaches the specified final state of rest (g, 0) after
a finite time, whatever the matrix A, the vector a, the function ay and the perturbations S, which
satisfy conditions (1.2), (1.3) and (1.6), may be. Here, it is assumed that the phase variables g, § are
accessible to measurement at each instant of time. In the case of a scleronomous mechanical system,
that is, for a system with a kinetic energy which does not depend explicitly on time and has the form
T(q, §) = (A(q)q, 9)/2, a control algorithm, based on the methods of the theory of stability of motion,
has been developed in [7, 8] which permits system (1.4) to be brought from an arbitrary initial state to
a specified first state of rest after a finite time. Linear feedbacks with piecewise-constant coefficients
are used in this algorithm. The coefficients increase and tend to infinity as the trajectory of the system
approaches the final state. However, the control forces remain bounded and satisfy the conditions
imposed on them. Below, this approach is extended to rheonomous mechanical systems.

2. DESCRIPTION OF THE ALGORITHM

Without loss of generality, we shall assume that the final state coincides with the origin of the coordinates,
that is, ¢ = 0 (this can be achieved using an appropriate change of variables).

We will construct the control in the form of a linear feedback with respect to the generalized
coordinates and velocities

u=-0,4-Beg  .B>0 2.1)

with amplification factors in the form of piecewise-constant functions. We will now describe the algorithm
for changing these coefficients.
We will denote the initial state of the systems by gy = g(0), g = ¢(0) and introduce the function

W(g,§) = Mg® +(M*§* + Ug?)": 22)

The quantity W(g, ¢) has the dimension of energy and characterizes the remoteness of a point (g, §)
from the final point (0, 0): the set of the level W(q, 4) = C of the function W in the phase space
g, ¢ € R is the ellipsoid 2CM ¢ + U%q* = C?, which contracts to the origin of the coordinates (0, 0)
when C — 0.

We put

W0=W(q0’q-0)’ ka =— k=],2,... (2.3)
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The sets of the level of the function W(g, §) corresponding to the constants Wj are a family of ellipsoids
which contract to zero as k increases. We will denote the instant if time when the trajectory hits the
ellipsoid W(q, §) = W, for the first time by #; and we put q; = q(1), ¢ = ¢(t,). It will be shown below
that, in the case of the chosen control algorithm, the trajectory of the system tends to the origin of
coordinates and therefore such an instant of time exists. The instant when the trajectory of the system
hits the ellipsoid W(q, §) = W, for the first time is denoted by #,. We put q; = ¢(t2), & = 4(t;) and
SO Om.

The sequence {t,} determines the instants when the coefficients oy, B; in Eq. (2.1) are changed. We
will specify the values of these coefficients in the half-interval of time [t, t;,,1) (k = 0, 1, ...) as follows:

U? 2
By = 5“7 o =mp, (2.4)

In the phase space R*, the trajectory of the motion of the mechanical system consists of segments
of the trajectories of different systems of differential equations: the k-th segment joins the points
(g« gx) and (G +1, gx+1) and corresponds to a system of the form (1.4), (2.1) in which the amplification
factors oy, Py are constant and are determined by formula (2.4). All the points (g, i) lie on the
corresponding ellipsoids W(g, §) = Wi(k =0, 1, ...) (Fig. 1).

Note that, generally speaking, the function W is not a monotonically decreasing function along the
trajectory of the system, despite the fact that the trajectory tends to the origin of coordinates (0, 0).
Hence, a trajectory can have more than one point of intersection with certain ellipsoids. We will assume,
for example, that, after designating the new coefficients at the instant ¢, the trajectory of the system
has started to “move away” from the origin of coordinates (0, 0) and again intersected the ellipsoid
W(q, §) = W4, at the instant ¢’ > t,. The index k and the coefficients oy, By do not change at the
instant ¢,

Hence, when implementing the algorithm, it is sufficient to measure the actual values of the phase
variables of the system g, ¢ and to store in the memory the actual value of the index k, which is equal
to the number of the smallest ellipsoid which the trajectory of the system has already visited. Since, in
expression (2.2) for the function W, only the known parameters of the problem appear, apart from the
phase variables, the value of the function W(gq(?), c'1(t)) can be calculated at any instant. Each time the
value of W decreases by a factor of two, the index k increases by unity, the coefficient o increases by a
factor of v2 and the coefficient B increases by a factor of 2.

3. VALIDATION OF THE ALGORITHM

We will use Lyapunov’s second method to validate the algorithm. Consider the kth segment of the
trajectory for a certain fixed k = 0. This segment begins at the point (g, §;) at the instant #, and
corresponds to system (1.4), (2.1) with constant feedback coefficients specified by formulae (2.4). We
will now show that there is such an instant f;,; when the trajectory of the system hits the ellipsoid

W(qa CI) = Wk+1'

CY Y]

W,
Wk+l
q
Wes2 (N Y

Fig. 1
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The Lyapunov function and its evaluation. We put

€, =mP, (4M) 3.1
and introduce Lyapunov’s function
] Lo ] .
VE4(9.9) = (A 90, 9) + Big” + &4 (AC.0)4.q) (3.2)

The expression for the function V* contains the kinetic energy matrix A(t, q), which is assumed to
be unknown. We estimate the value of this function at an arbitrary point (¢, g, §) of the expanded phase
space in terms of known functions. The relations

1€,(Ad.q) = —(Aq,q)+2€k(Aq,q)< ((Aq,q)+ mBy <Aq,q))

hold by virtue of the Cauchy inequality and expression (3.1), and it follows from condition (1.2)
that

B" —k(Ag.q) < 15 7> <Bg’

Substituting the inequalities obtamed into relation (3.2) and again using condition (1.2), we obtain the
following limits for the function V%

Vig. 9= Vig 9 < Vg (3.3)
where

v_*(q,q>=§<qu +Begd), Vf<q,q>=§<m2 +Big®) G4

We will now establish some relations connecting the functions V(g, §) and W (g, §). Substituting the
formula for the coefficient B, from (2.4) into expression (3.4), we obtain for the function V',

10MGEW, +5U%¢?
16W,

Vi) = (3.5)

By construction, the point (g;, ;) lies on the ellipsoid with number k. It follows from this and from
definition (2.2) of the function W that

. . . !
W, = W(g,.4) = MaE + (M8 + U/t

Using this equality, the numerator in expression (3.5) is reduced to the form 5 W# and the relation

VE(gera)=5W, /16 ‘ (3.6)
which connects the functions V%(g, ¢) and W{(g, q), follows from thls This means that, for any k, the
ellipsoid with number k is the level set of the quadratic form ¥¥(g, §), which corresponds to the value
5W,/16. In accordance with the algorithm, the pomt (g(®), q(9)), when t € [t;, t;41), lies outside the
(k + 1)-th ellipsoid, that is, outside the level set ¥'**!(g, ) = 5W,,,/16, and, therefore,

VI (G0.4(0) > SWey /16 =5W, 132, 1 <1<ty
The equality B,.; = 2Py holds by virtue of formulae (2.3) and (2.4), and the relation
M3* +Biq’ = (MG” +B1g”)/2

follows from this. Consequently, the limit
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VgD, () = VI (g(1),4(0)/ 2 > 5W, / 64 (3.7)
holds in the kth segment of the trajectory.

Negative definiteness of the derivative of Lyapunov’s function. We will now calculate the derivative 1%,
We introduce the notation.

B(r.q)= 95(! ) T—~a£(t ) bt )=%(f q)—ia-(t q) (3.8)
sq aq !q aq vq » vq aq > at L] .
and differentiate the function V¥ according to (1.4) and (2.1). We obtain
Vg gy=-{jad-¢ A+l-ai-8—"z
g} = BRI T2 A ‘L
—€,Biq” — €0 4. q) +{S+b.G+e,9) e, (Bd.q) (3.9

where [ is the identity
We will now estimate the individual terms in expression (3.9). Using the Cauchy inequality and
relations (1.3) and (3.8), we obtain

elD
L

2 (3.10)

. o, .
Iﬁka‘(q,q)lﬁ—;-q”siukq‘. Isk(qu>l<——q +

Using the inequality |2€,{d,g)| < §*/16+16g29°, expression (3.1) for &, and relation (3.7), we estimate
the quantity |§+€.q| as follows

. 17 . 17 .
(G+e,q)° sﬁqzﬂ"’eiqzﬁm +Byg )—W Vig.g)=

17 (+(,))<1088

Vk s + 2
T 10MVE(@, ) 50ka( « (@:4)

whence, taking the second expression in (3.4) into account, we obtain

HS+b.g+e,q)|<|S+b] (M3* +Bg”) 3.11

k me,c k (3.11)
The relation

E" i lg] 3.12

‘a 2 fcla (3.12)

holds by virtue of (1.2) and the inequalitylEI|qI| < Vn|q|.

Substituting inequalities (3.10)~(3.12) into expression (3.9) and making use of conditions (1.2), (1.3)
and (1.6), we arrive at the following limit for the derivative of the function ¥* along the kth segment

of the trajectory
ok 2 EiD] 2
Vihg.gy<s— e, ~e.ap - o+ Dy) - -
(t,9.9) Br €0y Bk"ZMWk( o+ Dy) 5

3a, D,+D, [1TM Jnb, 2
B e SPPY ¥ St et R Sy +Dy)- .
( 7 k > ZWL( 4) > € lgllg (3.13)

We will now show that, under certain additionai assumptlons the derivative I* will be neganve-
definite. We assume that
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2 2
Q=min{«/GMU mUr  mU }

8¥nD, ' 32D?’ 32D?

and introduce the sets
: 2n . . 5 “Vk
G={(q.9)e R :W(q,. )< Q}, G,=1(q.9):1q]< -5-;/-— , k=0,1...

The inequality 3g2U% < 5W?(gy, ) results from the definition of the function W, and, by virtue of
relations (2.3), it follows from this that the point (g, §,) lies in the domain G,.

Lemma 1. Suppose the initial point (g, ¢;) of the kth segment belongs to the set G, the matrix 4,
the vector functions S, a and the function a satisfy conditions (1.2), (1.3) and (1.6) and

’ m U
So+Dy = -l—_,—ﬁ'g' (314)

Then on the part of the trajectory which starts at the point (g, gx), the derivative of the function V*
lies outside the ellipsoid W(g, §) = W, and in the set Gy and, by virtue of system (1.4), (2.1), (2.4),
satisfies the inequality

3a,
40M

VAL g9 < -—L vi(1,q.9) (3.15)

Proof. By the condition of the lemma, W(gy, 4;) < Q and, consequently, D%, D3 < mU? /(32W,). It follows from
this and from definitions (2.4) and (3.1) of the numbers g, oy, that

2
D, +D3 < 9__ ekDS < akBk (3.16)
2 4 2 6aM

From condition (3.14) and formulae (2.4), we obtain

17M o 17 oB
(S + D) s =X, Se+ D, ) < —kPk .
2wk( o*+DI=3 P 2ka( o+ D=3y (317)
By virtue of relations (2.4) and (3.1), we have
o 2 akBk( m J 30, By
e M= € —gj0, =Kl |= 1
k 2 Br — €y aM Y oM (3.18)

The inequality D; < vV15MU/(8'nWk) follows from the condition W(qw, qi) < S2. Since the section of the trajectory
being considered lies in the set G, we have

&k g 1= V50, W, /(43MU)

and, consequently,

e lgls—=~ (3.19)

Substituting inequalities (3.16)—(3.19) into (3.13) and making use of the equalities (3.4), we arrive at the relations

: . 30 . 30
VE(Lg.4) s - (MG* +B,g%) < - =% V¥ (4.4
(9.9 v (Ma Pea”) wom @D

whence the assertion of the lemma follows, by virtue of limits (3.3).

Lemma 2. Suppose the matrix 4, the vector-functions S, @ and the functions a, satisfy conditions (1.2),
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(1.3), (1.6) and (3.4) and that (g, ¢;) € G. Inequality (3.15) is then satisfied in the kth interval of the
trajectory.

Proof. It has already been established above that (gx, §x) € Gi. By virtue of Lemma 1, to prove Lemma 2 it is
sufficient to show that the kth section of the trajectory as a whole lies in the domain G;.
Let us assume the opposite. Suppose ¢’ is the first instant when the trajectory leaves the domain G, that
is
 SWE 3.20
g2y ="k (3-20)
U
On the other hand, it follows from definitions (2.4) and (3.1) of the coefficients £, By, and from relations (3.3)
and (3.4) that

m m
16M? l6M?

m k N (T m ’ [N
= o7 - @ g = o A X (3)

Efqi(r)= Begi(r) =< (MG (1) +Beg’ () =

Since, when 1, <t <1, the part of the trajectory being considered lies in the domain G, then, by virtue of Lemma
1, the function V), decreases along it and, using relation (3.2), the limit can be continued as follows:

- m o ) m o . S5m
£242 )<_67v (qu(tk)_q(;k))s———GMz v, (q(tk)»q(!k))=—96Mz wk

Consequently

SmW,  5W2

96Me? 302

3’1" <
which contradicts condition (3.20).

It follows from the assertions of Lemmas 1 and 2 that, outside the eliipsoid W(g, §) = W,.,, the
function ¥ strictly decreases along a trajectory of system (1.4), (2.1), (2.4) and, by virtue of relations
(3.3)-(3.6), there is an instant £, ., when the trajectory hits the ellipsoid with number & + 1.

It is clear that, if the initial state of the system (go, gp) belongs to the set G, the ellipsoid
W(g, g) = Wy and, together with it, all the remaining ellipsoids W(g, §) = W, (k = 1, 2, ...) lie in this
set as a whole. Consequently, all the points (g,, §,) also belong to G and the assertions of l.emmas 1
and 2 are applicable to any of the sections constituting the trajectory of motion of the system.

Estimation of the time of motion. We will now show that the system reaches the origin of coordinates
after a finite time. In order to estimate the time of motion along the kth section of the trajectory, we
integrate inequality (3.15) and obtain

k -
=1, < 40M in kV (t,,,qk,q;f)
3o, V(s Grerrdiear)

(3.21)
By virtue of relations (2.4) and (3.3)-(3.7), we have

. 5
vk(tk’Qk'Qk)S' 1_6Wk

. . 3 .
VA GGt = V (st Gant) = gfm‘lfn +Pegi) =

Im . 3m . Im
= _—(MQ:H + Bk+|qz+l )=— Vfﬂ (Ghst>Guai) = '6__"

Wk
16M 10M 4M

Substituting these relations and expression (2.4) for o into inequality (3.21), we obtain the following
estimate of the time of motion from the point (g, §;) up to the point (gx.1, Grv1)
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40M .2 W, 20M
Loa—t, <T27% 1= % In ,
ket Tk 3JmU 3m

The total time of motion of the system up to the final state 7. does not exceed the sum of the series

~ k2 2
T, = Tkgoz = -\-/—H (322)

k=0,1,...

Consequently, the proposed control algorithm brings system (1.4) to the origin of coordinates after a
finite time.

We will now verity that condition (1.5) is satisfied along the trajectory of the motion. To do this, we
estimate the modulus of the vector of the control forces along the kth section of the trajectory using
the Cauchy inequality and relations (2.4), (3.3) and (3.4) as follows:

. . 16 16 .
< 2034” +BFg”) = 2B, (g’ +Bea”) = BV (0. ) < BV (1.0.9)

Since the function ¥, decreases in the half-interval [, #.1) we can use relation (3.6) to continue the
estimate as follows:

16 . 16 . 5 5
luff< ?Bkvk('k,%%) < ?Bkvf((%ﬁ)—‘gﬁkwk = gUz

whence inequality (1.15) follows.

Modification of the algorithm. 1t follows from the arguments presented above that the system reaches
the point (0, 0) after a finite time if the initial stage belongs to the ellipsoid G. Note that any point of
the form (g, 0) in the phase space of the system can be chosen as the final state. Here, the set of ellipsoids
on which a change in the amplification factors occurs is found to be displaced by the vector g while the
parameters of the ellipsoids remain as before. We will now show that, by making use of this fact and
modifying the proposed algorithm, it is possible to extend the set of permissible initial states considerably.

Suppose that

: no2_ Q
(90-90)€ G,y Co= {(q,q) R = Eﬁ} (3.23)

We first transfer the system to the point ¢ = go, ¢ = 0. To do this, we make the change of variables
q’ = q -qq. In the new variables G’ = {(¢’, ¢'): W(q’, §’) < Q}, which is analogous to the set G considered
earlier, is an ellipsoid with its centre at the point ¢’ = ¢’ - 0, and the initial state of the system, that is,
the point g5 = 0, g5 = ¢, belongs to this set by virtue of inclusion (3.23) and definition (2.2) of the
function W. Consequently, the control law u = — 044" — 34" with the above-mentioned algorithm for
changing the coefficients oy, B, brings the system after a finite time to the centre of this ellipsoid, that
is, to the point g = gy, ¢ = 0. )

]In the phase space g, ¢, we chose a finite sequence of points (7’, 0),j = 1,2, ..., J, such that g = g,
g’ =0and

g/ g 1<Qiu,  j=2,..J (3-29)

The transfer of the system from the point (g, 0) = (gq, 0) to the point (g7, 0) = (0, 0), that is, to the
origin of coordinates, is accomplished after J — 1 steps, on applying the control algorithm again each
time. The point (g’, 0) corresponds to the initial state of the system at the j-th step and the point
(@'*?, 0) corresponds to the final state. It follows from inequality (3.24) and definition (2.2) of the function
W that, for any j, the point (g, 0) belongs to the ellipsoid G’ = {(g, §) : W(g -3’ *", §) < Q with its
centre at (g’*", 0). This ellipsoid is the set of permissible initial states of the system in order for it
to be erulght to the final state (3’*’, 0) at the jth step. Consequently, the control law u = —oyg -
Bi(g - g’*") with the above-mentioned algorithm for rechanging the coefficients oy, Pf transfers the
system from the point (g’, 0) to the centre of this ellipsoid, that is, to the point g = g’*", ¢ = 0 after a
finite time. Hence, after J — 1 steps, system (1.4) finds itself in the final state (0, 0).
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The basic result and its discussion. The following theorem sums up the arguments which have been
presented above.

Theorem. Suppose the matrix A, the vector functions S, @ and the function aj satisfy conditions (1.2),
(1.3), (1.6) and (3.4) and (g, §o) € G.. Then, the proposed control law transfers system (1.4) from the
initial state (qo, go) to the phase space origin in a finite time. Hence, the control forces will satisfy
constraint (1.5).

We will now compare this result with the results obtained earlier in [3-8]. It has already been
noted above that the approach used here is an extension of that developed in [7, 8] for scleronomous
systems to theonomous mechanical systems. In the case of scleronomous systems, the set of permissible
initial states is identical to the whole of the phase space, that is, the system is brought from an arbitrary
initial position to a specified final state. In the case of rheonomous systems, the set of permissible initial
states (3.23) is a “band” in the phase space R™: the condition ¢ < Q/(2M) is imposed on the initial
velocities.

Note that only the known parameters of the problem appear in the definition of the set G. and the
expressions for the function W and the amplification factors oy, . To implement the algorithm, it is
sufficient to know the value of m, M and U and, also, the values of the phase variables of the system
at each actual instant of time. The constants D;, D,, D5 only occur in the conditions determining the
set of permissible initial states G.. These conditions, as well as the constraints on the vector function
a(t, q), the function ay(t, ) and the perturbing forces $ in relations (3.14), are only sufficient conditions
for transferring the system to the final state. The algorithm proposed can therefore also be formally
applied in cases when constraints (3.14) are not satisfied and the initial state of the system does not
belong to the set G.. Simulation of the dynamics of different mechanical systems shows that the algorithm
is also effective beyond the limits of the sufficient conditions which have been presented.

The set of permissible initial states in the case of the control laws developed earlier in [3-6], which
are based on the principle of decomposition, is also the whole of the phase space. However, these laws
are only applicable to scleronomous systems.

The conditions imposed on the perturbing force §, obtained earlier in [3, 4], are analogous to condition
(3.14) since, in the case of a scleronomous system, one can put D, = 0. Furthermore, unlike in this
paper, it was assumed in {3, 4] that the kinetic energy matrix 4 is known.

The condition, developed in [5, 6], for transferring the system to the final state using a control law
is specified by the inequality U > §, that is, simple superiority of the control over the disturbance is
sufficient to achieve the aim of the control. This condition suitably distinguishes this approach from
the other approaches considered here in which multiple excess of the control resources over the
disturbance is required and the relation between them depends on the other parameters of the system.

A more detailed comparison of the control laws considered for scleronomous mechanical systems
has been presented in [9]. In particular, the above-mentioned algorithms were used to transfer a mass
point of unknown mass, moving along a straight line, to the origin of coordinates. The time optimal
control for this problem is known [10]. A comparison shows that, in the case of this simplest mechanical
system, the time of motion under the action of the control laws proposed earlier in [3-8] differs from
the optimal time by a factor of two or three.

Together with the approaches discussed here for constructing a control for mechanical systems under
uncertainty, there is a set of other approaches which ensure the asymptotic stability of a specified state
of a system, that is, which ensure that it is transferred to the final position in a finite time. In spite of
the fact that, in practical applications, the system is always only brought to within a certain neighbourhood
of the specified state, the formulation of the problem of transfer in a finite time makes sense. As the
dimensions of the final neighbourhood become smaller, the time of the motion of the system, under
the action of the algorithm, which ensures asymptotic stability tends to infinity while the time of the
motion of the system under the action of an algorithm which guarantees the finiteness of the process
remains finite. Consequently, the last algorithm is more effective from the point of view of its operation
speed.

4. RESULTS OF SIMULATION

We will illustrate the operation of the algorithm using numerical simulation of the rotation of a body
with a moment of inertia which changes with time. Consider a system consisting of a weightless rod
and a point mass of unknown mass m, (the right-hand side of the upper part of Fig. 2), which moves
along the rod in an uncertain way. It is assumed that the rod rotates in a horizontal plane about one
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of its ends under the action of a control moment u. We will denote the angular coordinate and the angular
velocity of the rod by g and 4 and the distance from the axis of rotation to the point mass by /(¢). In the
notation adopted above, the individual terms in expression (1.1) for the kinetic energy of the system
take the form

A =mgl* (1), a=0, ay(t)=myl(t)/2
and the equations of motion take the form
mol?(0)i + 2mol()i(t)g = S+ u (4.1)

In this case, the moment of the dry friction forces which acts on the rod serves as the unknown
generalized force S. In the simulation, the constants m, M and U and the mass m, the perturbations
S and the law of motion of the point mass along the rod /(f), which are also assumed to be unknown,
were taken as follows:

m=025kg, M=225kg, U=10Nm
S=-0.1sign(¢)Nm, my=1kg, [t)=1+}sinwrm

Using the proposed control law, the rod is shifted from the initial state g, = 1 radian, o = 1 radian/s
into the final state ¢ = ¢ = 0. Integration of Eq. (4.1) was discontinued when the Euclidean distance
from the actual point of the trajectory to the final point in the phase space (g, §) € R* became less than
0.01.

The results of the simulation for the case when @ = 1 are shown in Fig. 2. The time-dependence of
the angle of rotation of the rod g is represented by the thin solid curve and the time-dependence of
the quantity [u|/10 is represented by the heavy solid curve (the discontinuous curve). The coefficients
oy, and B, were changed seven times during the course of the integration. The total time of motion was
found to be equal to 7, = 3.98 s.

It is clear that constraint (1.5) is satisfied with a considerable margin. The motion of the system, which
is controlled using the law (2.1), was simulated with feedback coefficients oy, 8, which were twice those
prescribed by algorithm (2.4). The time-dependences of the angle of rotation of the rod (the thin curve)
and of the quantity |u]/10 (the heavy curve), for the case of this control law, are represented by the
dashed curves in Fig. 2. In this case, the time of motion was reduced to 7. = 2.53 s and, as previously,
the control u satisfies constraint (1.5).
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In order to estimate the efficiency of the algorithm when condition (gg, ¢g) € G. of the theorem
formulated above is violated, the dynamics of system (4.1) were simulated for different values of w.
The dependence of the overall time of motion of the system on w up to the final state, where © € [0,
10m], is represented by the continuous curve in Fig. 3. In this case

: 1
A(t) = mom(l + —2—sin mt)cosmt

and the constant D, from constrains (1.2) satisfies the inequality » < D,. Consequently, @ < mU*/(320?)
and, in the case of the chosen values of the system parameters, for a large part of the interval
0 = o = 10x the initial state gy = 1, §o = 1 does not lie in the domain G.. Nevertheless, the proposed
control law does bring the system to the final state.

The dependence of the absolute magnitude of the control moment u, which is realized when the
algorithm is applied, on the parameter w is shown by the dashed curve in Fig. 3. It is clear that constraints
(1.5) are satisfied for all the values of ® < 26 considered.
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